In this work we studied the properties of a two-dimensional electronic gas subjected to a strong magnetic field and cooled at a low temperature. We reported exact analytical results of energies at the ground state. The results are for systems up to N e = 10 electrons calculated in the integer quantum Hall effect (IQHE) regime at the filling factor υ = 1. To accomplish the calculation we used the complex polar coordinates method. Note that the system of electrons in the quantum Hall regime relied heavily on the disk geometry for finite systems of 
Introduction
A discovery of the integer quantum Hall effect (IQHE) [1, 2] was the beginning of a big revolution in the field of condensed matter. It is interesting to study theoretically and numerically the phases of the integer and fractional quantum Hall effect (FQHE) in a two-dimensional geometry in order to consider various aspects of this problem. In this article, we give some details of the formalism used to treat the IQHE and FQHE problem on the disk geometry [3] [4] [5] . As an hypothesis, Laughlin (1983) [6] considers that the electrons are confined on the plane in a central symmetric potential, so that the Hall droplet forms a disk of uniform density in the volume with the correct density of states per unit area. This area 2πml 2 0 is a circle where the radius contains m flux quanta.
We solved the problem of the motion of a confined two-dimensional electron in a uniform magnetic field. This field is perpendicular to the motion of electrons. That presumes that the electron system is fully spin polarized. The shape of the system is a disk. Let us first consider free electrons, for a homogeneous uniform magnetic field B = (0, 0, B). The symmetric gauge is defined by the vector potential A A = B 2 (−y, x, 0). (1.1) In this gauge, the vector potential A is invariant by rotation about the axis z, and in the canonical momentum p = −i ∇ ∇ ∇. In the presence of a magnetic field, the Hamiltonian can be written as follows:
By introducing the complex variables
The characteristic magnetic length on the disk l 0 = /eB that will be taken equal to 1. The wave function in the lowest Landau level (n = 0) is denoted by Ψ 0,m
Let us consider a system of finite size such as a disk of radius R, and we can count the number of states in the lowest Landau level included in this disk. The probability of presence of the state |0, m is defined by
The wave functions in the lowest Landau level are simple monomials in z. Thus, any state in the lowest Landau level (LLL) is given by a polynomial equation dependent only on z. The probability of presence of the state |0, m is maximal over a circle of radius r m = √ 2ml 0 , such that the radial extension of the wave function is of the order of l 0 . When m increases, the particle moves symmetrically away from the origin. The last state inside the disk of radius R corresponds to m = R 2 /2l 2 0 electronic orbitals, which is also equal to the total number of states in this disk.
The very good approximation of the true fundamental of equation (harmonic oscillator) of our system is that of Laughlin, but is not exactly the wave function of this fundamental which is written for odd integer m in equation (1.4) . This wave function describes a filling state. The basic state used in our system is described by Laughlin [6] in terms of Slater determinant in the first quantification which could be used to guess a test wave function for the ground state of the fractional quantum Hall effect. We proceed to study the systems N e = 10 of the composite fermions (CF) wave functions and we have to compare them to the exact wave functions in the disk geometry.
This article deals with the physics of the path connecting the fractional quantum Hall effect to the integral quantum Hall effect. In section 2, the model of interaction as well as the Coulomb interaction are presented. In section 3, the method of analytical results for IQHE at υ = 1 is shown. In section 4, we study the excitations of the CF states. In section 5, we give the results of our calculus. The conclusion is presented in section 6.
Model of interaction
The many-electron system is described by the Hamiltonian 1) where K is the kinetic energy operator, is reduced Planck's constant, ω = e 0 B/m is the cyclotron frequency, and the Coulomb interaction V projected in the LLL is obtained starting from the electronelectron interaction, electron-background and the background-background potentials. When all electrons are confined in the LLL, their kinetic energy is then constant
. We consider N e = 10 electrons of charge (−e 0 ) embedded in a uniform neutralizing background disk of an area and a positive charge N e e 0 . Moreover, the disk is a part of the x y plane subjected to a strong uniform magnetic field, in the z direction, B = Be z , and lower temperatures.
The total potential energy operator is defined by 2) with V ee , V eb and V bb denoting the electron-electron, electron-background and the background-background interaction potentials, respectively. Their corresponding expressions are given by
3) 5) where r i (or r j ) indicate the electron vector position while r and r are background coordinates. S N is the area of the disk and ρ is the density of the system (the number of electrons per unit area) that can also be defined by
The integer quantum Hall effect is perfectly explained without invoking interactions: only noninteracting particles fully occupying Landau levels. The interaction is crucial for fractional quantum Hall effect. The many-body wave functions will be of the form of the equation (1.4). The theory of the CF is a generalization of those considered by Jain [8] with the found states at υ = p/(2pm + 1) with integer m and p. This theory of the composite fermions immediately describes the elementary collective excitations by the promotion of a CF towards the states in higher Landau levels [9] .
Here, Φ gs n represents the incompressible IQHE ground state at filling factor υ = 1 (for noninteracting electrons), and P LLL is an operator that projects the state onto the LLL. The factor j<k z j − z k 2s is the Jastrow factor, binds 2s vortices to each electron to convert it into a composite fermion (CF), for two vortices s = 1 [7] . The method for LLL projection is given in appendix A.
This can be compared directly with exact numerical diagonalization results to test the applicability of CF trial wave functions to the system in each sector with a given number of particles N e and angular momentum L = mN e (N e − 1)/2, with the basis formed by antisymmetrized functions of the form (1.4). The background-background interaction potential V bb can be classically calculated without using the wave function of the electron system. Its value is simply determined by calculating the elementary defined integral (2.5) and is given by reference [10] .
For a given wave function Ψ(r 1 , . . . , r N e ), these energies are determined using the following formulae
The term V ee is written as follows:
(2.11)
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Similarly, for the V eb interaction, we have 13) where is the J n (x) n-th order Bessel functions. A detailed description of the ground state obtained by an analytical method is given in our earlier works [11, 12] .
Analytical results for IQHE at υ = 1
In this section, we obtain the analytical expressions for the total energy per particle (in units e 2 0 /l 0 ) and related quantities corresponding to IQHE system of electrons in a disk geometry at υ = 1. The ground state interaction energy per particle can be written as follows:
where ε = V /N e , ε ee = V ee /N e , ε eb = V eb /N e and ε bb = V bb /N e . The energy of the interaction between electrons-electrons, electrons-background and the background-background is given by 
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Laughlin-Jain microscopic wave function approaches N e = 7; 
The quasielectron (q e) energies
Nowadays, there are two universally accepted theories in the field of FQHE, the theory of Laughlin [6] and the theory of Jain [8] . An early trial wave function proposed by Laughlin for the ground state at the filling factor υ = 1/m, m odd, turned out to work well [13] . The CF theory applies to a broader range of phenomena, while also providing a new interpretation for the physics of the υ = 1/m state, as a state of CF at an effective filling of υ * = 1 [8, 13] . While the wave function for the υ = 1/m ground state from the CF theory is the same as that in reference [6] , the wave functions for the excitations are different, which gives an opportunity to test the validity of the CF theory at υ = 1/m itself. We note that when speaking of "quasielectrons" in this paper, we really mean "quasielectron excitations" of an incompressible FQHE state. Our objective in this work is to compare the two theories for systems containing (N e − 1)qe.
Laughlin's N e − 1 quasielectron wave function
We concentrate herein below on υ = 1/3, with one quasielectron in the disk geometry. Note that the wave function Ψ (N e −1)qe L corresponding to the (N e − 1) quasielectron states of Laughlin to the filling factor υ = 1/3. The trick of piercing a flux quantum adiabatically through the system motivates the following wave functions for the quasielectron [6] 
In physics, this equation describes the creation of (N e − 1) quasielectrons located at the origin.
The compact states [1,1, . . . ,1]
In this subsection, we have used only one consequence of the CF theory for the quasiparticules in occupation [1,1, . . . ,1] presented in [13] [14] [15] [16] . The CF basis consists of Jain wave function [17] , where the 23701-5 derivatives do not act on the Gaussian factor [15] , and one will derive only the polynomial part of the wave function from. The composite fermion wave function for the quasiparticle at υ = 1/3 is then given by 2) and the CF wave function for the N e − 1 quasiparticle at υ = 1 3 is then given by
We have studied the Laughlin and CF energies for the excited states for several systems at υ = 1/3 and the correspondence between the FQHE and the IQHE. These energies are given in table 1, where V L represents the electron-electron interaction energy of Laughlin's wave function, V CF is the electronelectron interaction energy of Jain's wave function, and V Exact is the electron-electron interaction energy of exact analytical expressions [18] . Our study confirms the description of quasielectrons as (CF) in an excited (CF) quasi-Landau level. This wave function contains one excited (CF) in the second CF quasi-Landau level but the other in the (N e − 1) CF quasi-Landau level, as indicated by the notation [1, 1, . . . , 1].
Results and discussion
Within this work, we considered two systems. The first one for the ground energy with up to N e = 10 electrons at the filling υ = 1 and the second one for the exited energy with up to N e = 7 electrons at the filling υ = 1/3. Several researchers used the disk geometry in their works [3, 5, 6, 11] . The mathematical derivations as well as the Mathematica code [19] are used to calculate the interaction energy to perform the analytical method for N e = 7 particles. The code of the electron-background interaction energy computation ε eb is shown in appendix B.
This result is consistent with previous studies, the Laughlin wave function for N e quasiparticle is increased and approaches about Jain states in occupation [1,1, . . . ,1] . Figure 1 shows that the energies of Nqe quasielectrons for N 0 = 2 to 7 particles, in the disk geometry for υ = 1/3, and the FQHE are equal to those for the IQHE, where we denote the compact states by [N 0 , N 1 , . . . , N 7 ] , where one composite fermion occupied one Landau level [14, 15] . In figure 1 , we can see that the results derived by the present exact analytical calculation at the filling υ = 1 and υ = 1/3 (the excited states) compare well with the results of [18] obtained using the method of Exact analytic solutions. For N e quasiparticles, the energies for N e = 7 in disk geometry at υ = 1/3 of Laughlin states correspond to occupation [1,1, . . . ,1] of Jain states.
Conclusion
We conclude that the analytical expression for the Coulomb interaction energy in disk geometry at filling factor 1/3 permits us to obtain a correspondence between the fractional quantum Hall effect and the integer quantum Hall effect. The coinciding energies of the IQHE and the (N e − 1) quasielectron of the FQHE states are expected, where the FQHE and the IQHE can be unified. The FQHE is explained as the IQHE of composite fermions. This physics not only gives the best available microscopic wave functions for the quasiparticles but also brings out new qualitative structures for multi-quasiparticle states. These quasiparticles may be classified in theory as composite fermions, which allows us to understand the fractional quantum hall effect of electrons as an integer quantum hall effect of these composite fermions.
A. Lowest Landau level projection operator P LLL
In the CF theory, the wave function for the ground state Ψ GS at υ = 1/3 takes the form [8] Ψ GS (z 1 , . . . , z N e ) = P LLL j<k z j − z k 2 Φ 1 , (A.1)
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where Φ 1 represents the wave function of noninteracting electrons
The CF wave function for one quasielectron (1qe) at υ = 1/3 is then given by
The P LLL is an operator that projects the state onto the lowest Landau level, where the LLL projection of any wave function can be obtained by normal ordering the wave function followed by replacing z i → 2∂/∂z i , where the derivatives do not act on the Gaussian factor.
For example, for N e = 4 electrons
